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Derived Functors

Knowing sheaf cohomology of things is very useful in solving problems in
multi-variable complex analysis, classical and abstract algebraic geometry

We can define the sheaf cohomology in generality using the concept of
derived functors.

Definition

Given an left exact functor F : 2l — B and some injective resolution /* of
X in 2 with induced morphisms d’ : F(I") — F(I"*1), a right derived
functor R'F is defined to be kerd'/imd'—1.

Of course this definition is also valid for left derived functors and projective
resolutions etc.
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Abelian Group Sheaf Cohomology and Mayer-Vietoris

Applying the above to the left exact global section functor

[ 2Ab(X) — Ab of a topological space X, we can get our corresponding
cohomology of sheaves of abelian groups H'(X, F) = R'T from injective
resolution /" of sheaf F on X.

Computing cohomologies directly from an explicit injective resolution for
every (X, F) is usually difficult. But we can define the so-called Cech
cohomology to help us. To motivate its definition, let's first consider the
Mayer-Vietoris Sequences.

Theorem (Mayer-Vietoris Sequences)

IfFX=UUV, Fasheafon X,andi:U—>X,j:V—>X, k:UNnV =X
are the inclusion maps, we get a long exact sequence of cohomologies 0 —
HO(X,F) —» H (U, F)oH(V,F) - HO(UNV,F) = HY(X, F) — ---
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Cech Cohomology

Likewise, we define the Cech cohomology of (X, F) by using & = {U;};c;
an ordered open cover of X.

The cohomologies would be based on the cochain of complexes

=[] FWUpn---nU,)

fo<++<p

which forms a sequence 0 — C% — C! — ... — CP — . with
coboundary map dP : CP — CP*1! defined as

dP( ey Qg ips -+ Dignips = Y (1)@

10yeeesi e
05--+51ky--5Ip Uiom"'mUip+1
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Cohomology of Projective Spaces

For projective spaces, we have X =P, = ProjS where S = A[xo, ..., X/]
and a quasi-coherent sheaf F = @,c70O(n) where O(n) = S(n).

This structure natually admits an (affine) open covering {4 =
{Spec S(x) fo<i<r where S,y = @ yoooy 1.0, 3] is the localized degree
0 coordinate ring. Now we have the Cech complexes

CP = H F(Spec S x;))

ip<---<ip
= 11 DnezO(n)(Spec S ;)

ip<---<ip

= Onez H (x,o x,p

o<+ <ip

I Sy,

io<++<p

112
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Computing the Cech cohomology

So we have the sequence
dO dl dr 2 dr— 1
O_>HSXI—>H5XHXJ—> H X050+ s K 505X 5X07 X _>0
i ij

which induces the Cech cohomology sequence.

ker d’

0 — HO(X, F) =kerd” — HI(X, F) = -+ 5 HI(X, F) = - =7 =

— H 7YX, F) = H(X,F) = cokerd"™* = 0

with which we can start our calculation...
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Useful Facts

If X is affine and F a quasi-coherent sheaf, then HP(X,F) =0 Vp > 0.

If X is noetherian separated scheme, 1 an open affince cover and F a
quasi-coherent sheaf, then HP(Ll, F) — HP(X, F) are isomorphisms for
p>0.

Theorem (3)

For Y — X a closed subscheme with inclusion map i, we have the exact
sequence 0 — Jy — Ox — Oy — 0

N

Theorem (4)

If a module M have an isomorphism to itself by multiplication of f, then
My¢ = 0 implies M = 0.
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Table of HP(PP, O(n))

n p=20 p=1 p=r—1 p=r
m A(.oyfiy. ) 0 0 0
1 A(Xo, - -y Xr) 0 0 0
0 A 0 0 0
-1 0 0 0 0
—r 0 0 0 0
—r—1 0 0 0 B
—r—2 0 0 0 B(xyt, ..y xh)
—r—1—m 0 0 0 B(...,f",...)

where B = A(ﬁ) m > 1, and f; are the degree m monomials in

X0y - - -y Xr-
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